In [Akbari and Moghaddamfar, Recognizing by order and degree pattern of some projective special linear groups, Internat. J. Algebra Comput., 2012] the authors possed the following problem: Problem. Is there a simple group which is k-fold OD-characterizable for k ≥ 3 ?
Introduction
In this paper every group is finite. If n is a natural number, then we denote by π(n), the set of all prime divisors of n. If G is a finite group, then π(|G|) is denoted by π(G). The prime graph GK(G) of a group G is defined as a graph with vertex set π(G) in which two distinct primes p, q ∈ π(G) are adjacent (and we write p ∼ q) if G contains an element of order pq. In [5, Proposition 1.1], it is proved that if r, s ∈ π(A n ) \ {2}, then r ≁ s in GK(A n ) if and only if r + s > n and 2 ≁ r in GK(A n ) if and only if r + 4 > n.
Then the degree pattern of G is defined as follows:
For a group G, denote by h OD (G) the number of nonisomorphism finite groups H, such that |H| = |G| and D(H) = D(G).
OD-characterization of some finite groups are considered by some authors (see the references of [3] ). In [4] , the following problem about OD-characterization of finite simple groups is possed (see also [1, 3, 4] ): Problem 1.3. Is there a simple group which is k-fold OD-characterizable for k ≥ 3 ? Also in [3] , the authors put the following conjectures: Until now, Conjecture 1.4 is valid for n = p, p + 1 and p + 2, where p is an odd prime number. In this paper as the main result we prove the following theorem and using this theorem we introduce some finite simple groups which are k-fold OD-characterizable, where k ≥ 6. Also we present some counterexamples for the above conjectures.
Main Theorem 1.6. Let p be an odd prime number such that p + 2 and p + 4 are not prime and p + 6 = 5 α , for some natural number α. Also let H and T be some groups such that |H| = p + 6 = 5 α and |T | = 2(p + 6). Then we have: 
Proof of The Main Theorem
Let p be a prime number such that p + 2 and p + 4 are not prime and p + 6 = 5 α , for some natural number α. The proof of the main theorem for symmetric groups is similar to alternating groups.
First we show that GK(A p+6 ) = GK(A p+5 ). By assumption, p + 6 is a power of 5 and so π(A p+6 ) = π(A p+5 ). Since p + 2 and p + 4 are not prime numbers, by [5, Proposition 1.1], we get that every vertex is adjacent to 2, 3 and 5 in GK(A p+5 ) and GK(A p+6 ). Then it is sufficient to check the adjacency of odd primes in these graphs.
Let r, s ∈ π(A p+5 ) \ {2}. By [5, Proposition 1.1], if r ∼ s in GK(A p+5 ), then r + s ≤ p + 5 < p + 6 and so r ∼ s in GK(A p+6 ). Let r ≁ s, in GK(A p+5 ). Then by [5, Proposition 1.1], we have r + s > p + 5. Since p + 6 is odd, we get that r + s = p + 6, and so r + s > p + 6. This implies that r ≁ s in GK(A p+6 ).
Let r, s ∈ π(A p+6 ) \ {2}. If r ≁ s in GK(A p+6 ), then by [5, Proposition 1.1], r + s > p + 6 > p + 5 and so r ≁ s in GK(A p+5 ). Since r + s = p + 6, if r ∼ s in GK(A p+6 ), then r + s ≤ p + 5 and so r ∼ s in GK(A p+5 ).
Therefore by the above discussion we conclude that GK(A p+6 ) = GK(A p+5 ). Now if H is a group such that |H| = p + 6 = 5 α , then |A p+6 | = |A p+5 × H|. Also since 5 is adjacent to each vertex in GK(A p+6 ) and |H| = 5 α , then we get that GK(A p+6 ) = GK(A p+5 × H). Therefore for every group H, such that |H| = p + 6 = 5 α , we have |A p+6 | = |A p+5 × H| and D(A p+6 ) = D(A p+5 × H).
